The intent of this paper is to prove common fixed point theorems under (ψ, φ) -weak contractive conditions satisfying the common limit range property and the common property-(E.A) of four self mappings in the setting of metric spaces. Illustrative examples are also furnished to justify the validity of our results.
Introduction and Preliminaries
Let (X, d) be a metric space. A mapping T : X → X, is called contraction if for each x, y ∈ X, there exists a constant k ∈ (0, 1) such that
d(T x, T y) ≤ kd(x, y).
(1.1)
Alber and Guerre-Delabriere [5] introduced the concept of weak contractive mapping on a Hilbert space and proved the existence of fixed point of such mapping. Rhoades [23] showed that the results of Alber and Guerre-Delabriere [5] In 2008, Dutta and Choudhury [10] introduced a generalization of Banach contraction mapping principle which includes weak contractive condition(φ-weak contraction). Song [27] and Zhang and Song [28] generalized φ-weak contractive condition in two mappings and proved existence of common fixed points. Doric [9] , introduced the concept of (ψ, φ)-weak contractive mappings which generalized the contractive principle of Dutta
The concept of property-(E.A)(or, tangential mappings) is contained in the classes of compatible and non-compatible mappings. Furthermore, the property-(E.A)(or, tangential mappings)
is also contained in the class of common limit range property. Therefore, every pair (A, S) of mappings which satisfies the common limit range property (i.e., (CRL A ) or (CRL S )) also satisfies property-(E.A). We denote N, the set of natural numbers. 
where t ∈ SX i.e., the pair (A, S) satisfies the (CRL S )-property. Therefore, the pair (A, S) is also satisfied property-(E.A).
Let A, B, S, T be four self mappings defined on a metric space (X, d).
Definition 1.9 ([17]
). Pairs of mappings (A, S) and (B, T ) are said to satisfy common property-(E.A), if there exists two sequences {x n } and {y n } in X such that lim n→∞ Ax n = lim n→∞ Sx n = lim n→∞ By n = lim n→∞ T y n . Definition 1.10 ( [11, 12] ). Pairs of mappings (A, S) and (B, T ) are said to satisfy common limit range property with respect to S and T , denoted by (CRL ST ), if there exists two sequences {x n } and {y n } in X such that lim n→∞ Ax n = lim n→∞ Sx n = lim n→∞ By n = lim n→∞ T y n = t ∈ SX ∩ T X, for some t ∈ X. 
Consider two sequences {x
and T X = (0, 6]. Also, lim n→∞ Ax n = lim n→∞ Sx n = 6 ∈ SX and lim n→∞ By n = lim n→∞ T y n = 6 ∈ T X i.e., lim n→∞ Ax n = lim n→∞ Sx n = lim n→∞ By n = lim n→∞ T y n = 6 = t ∈ SX ∩ T X. Therefore, the pairs (A, S) and (B, T ) satisfy (CRL ST )-property.
Khan et al. [16] introduced a new class of fixed point results considering with the help of control function which they called an altering distance function. 
The utility and pivoting role of common limit range property for two pairs of mappings are shown in Imdad et al.( [11, 12] ) in order to prove the existence of common fixed points without considering the inclusion of one range set to the other range set and the closeness of the underlying subspaces. In this paper, we prove common fixed point theorems under (ψ, φ)-weak contractive conditions satisfying the common limit range property and the property-(E.A) of four self mappings in the setting of metric spaces.
Main results
Before we start to prove our main theorems, we discuss two lemmas by employing the property-(E.A) and the common limit range property.
Lemma 2.1. Let A, B, Sand T be self mappings on a metric space (X, d). Suppose that (i) AX ⊂ T X; (ii) the pair (A, S) satisfies the property-(E.A); (iii) there exists
φ ∈ Φ, ψ ∈ Ψ such that ψ ( d(Ax, By) ) ≤ ψ ( M (x, y) ) − φ ( m(x, y) ) , ∀x, y ∈ X
Then, the pairs (A, S) and (B, T ) share the common property-(E.A).
Proof. Since the pair (A, S) satisfies property-(E.A), there exists a sequence {x n } in X such that lim n→∞ Ax n = lim n→∞ Sx n = t, for some t ∈ X. Since AX ⊂ T X, there exists a sequence {y n } in X such that Ax n = T y n . Therefore, lim n→∞ Ax n = lim n→∞ T y n = t. Now, we claim that lim n→∞ By n = t. By triangular inequality,
, therefore in order to prove our claim it is sufficient to prove d(Ax n , By n ) → 0 as n → ∞. Suppose not, there exists ϵ > 0 such that for some positive integer k ≥ n and
Letting k → ∞ in (2.1) and using the definitions of ψ and φ, we thus obtain
where
Also,
From (2.2) and (2.3), we obtain
a contradiction with the definition of ψ and hence, lim n→∞ By n = t. Therefore, the pairs (A, S) and (B, T ) share the common property-(E.A).
On the same line of the above Lemma 2.1, we establish the following. Proof. Since the pair (A, S) satisfies (CRL S )-property, there exists a sequence {x n } in X such that lim n→∞ Ax n = lim n→∞ Sx n = t ∈ SX, for some t ∈ X i.e., the pair (A, S) satisfies property-(E.A). Now, the pairs (A, S) and (B, T ) satisfy all the conditions of Lemma 2. where t ∈ SX ∩ T X, for some t ∈ X. Therefore, t ∈ SX ∩ T X implies that t ∈ SX and t ∈ T X. First, we consider the case t ∈ SX, then there exists u ∈ X such that Su = t. Now, we claim that Au = Su, otherwise using inequality (iii) taking with x = u, y = y n , we obtain
Letting n → ∞ in (2.4) and using the definitions of ψ and φ, we thus obtain
From (2.5) and (2.6), we obtain
a contradiction with the definition of ψ, which in turn gives d(Au, t) = 0 i.e., Au = t. Therefore, Au = Su = t i.e., A and S have a coincidence point. Secondly, we consider the case t ∈ T X, there exists v ∈ X such that T v = t. Now, we show that Bv = T v, otherwise using inequality (iii) taking with x = x n and y = v, we obtain
Letting n → ∞ in (2.7), and using definition of ψ and φ, we obtain
also,
From (2.8) and (2.9), we thus obtain
a contradiction with the definition of ψ, which in turn yields d(t, Bv) = 0 i.e., t = Bv = T v so, B and T have a coincidence point. Therefore, for some t ∈ SX ∩ T X, we thus obtain Au = Su = Bv = T v = t. Since, the pairs (A, S) and (B, T ) are weakly compatible, so that ASu = SAu i.e., At = St and BT v = T Bv i.e., Bt = T t. Now, we show that
Therefore, (2.10) becomes
, At = Bt. Therefore, At = St = Bt = T t i.e., the mappings A, B, S and T have a common coincidence point. Now, we claim that At = t. For this, putting x = t and y = y n in (iii), we obtain
Letting n → ∞ in (2.11), we obtain
From (2.12) and (2.13), we obtain (At, t) ) ̸ = 0, which in turn gives (d(At, t) = 0 i.e., At = t. Since, At = St = Bt = T t. Therefore, At = St = Bt = T t = t i.e., t is a common fixed point of A, B, S and T . Now, it remains to show that z is the uniqueness common fixed point of A, B, S and T . If not, there is another point z ∈ X such that Az = Sz = Bz = T z = z. For this, using (iii) with x = t and y = z, we obtain
and
Therefore, ;
3 , x ∈ (5, 11)
;
). Then, lim n→∞ Ax n = lim n→∞ Sx n = lim n→∞ By n = lim n→∞ T y n = 3 = t ∈ SX ∩ T X i.e., the pairs (A, S) and (B, T ) satisfy the (CRL ST )-property. Now, taking in particular
then, one can verify that the contractive condition (iii) is satisfied for every x, y ∈ X. Thus, all the conditions of Theorem 2.3 are satisfied and hence, 3 is the unique common fixed point of A, B, S and T . Taking ψ(t) = t in Theorem 2.3 and Theorem 2.6, we obtain the following corollaries. 
Discussion
We write the following inequality , ∀x, y ∈ X (2.14)
in lieu of inequality (iii) and retain the remaining conditions of Theorem 2.6. Taking two points z, z ′ ∈ X , where z ̸ = z ′ such that Az = Bz = Sz = T z = z and Az ′ = Bz ′ = Sz ′ = T z ′ = z ′ . Using the above inequality (2.14), we have
In view of above, inequality (2.14) does not work in order to obtain a unique common fixed point of the pairs (A, S) and (B, T ), so the inequality (2.14) is not applicable in Theorem 2.6. It notices that Theorem 2.1 of Murthy et al. [18] does not give a unique common fixed point. Therefore, the revised version of Theorem 2.1 [18] may be stated as follows: Note that the above theorem is a corollary of Theorem 2.3.
